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Abstract. In this paper we used statistical methods to understand the genetic information of 

DNA considered as a statistical system. The alphabet of a DNA sequence is defined by the four 

nucleotides: adenine, cytosine, guanine, and thymine. The order of nucleotides along the DNA 

sequences encodes the genetic information. We have analyzed three Cryptosporidium DNA 

sequences: one DNA sequence isolated and analyzed in our laboratory and two DNA reference 

sequences from the public database GenBank. Each DNA sequence is considered as a statistical 

system and is represented by a random variable and an associate probability distribution. The 

Shannon entropy, Renyi entropy, Onicescu informational energy and  square deviation from uniform 

distribution are used in order to measure the degree of randomness for the three statistical systems.  

The similarity and difference between the three DNA sequences of the two Cryptosporidium  species 

(Cryptosporidium hominis and Cryptosporidium parvum) were assessed by calculating the statistical 

distance between the probability distributions associated with each pair of DNA sequences. Each of 

the three DNA sequences pairs with one of the other two sequences and forms three pairs of 

sequences. Using the associated probability distributions, the statistical distance between them can 

be calculated. Bhattacharyya distance measures similarity degree between the two probability 

distributions. The Kullback-Leiber and the resistor-average distances measure the difference 

between the two distributions. 
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  INTRODUCTION  

The methods of algebraic analysis and especially those of statistical 

investigation based on measures of entropy and divergence are increasingly 

approached and constitute part of the ways of characterizing the nucleotide alphabet 

from the composition of gene sequences [3, 19–21].  

One of the major goals of DNA sequence analysis is the understanding of the 

overall organization of DNA in regions as genes, promoters, repetitions, etc. and its 

characteristics. The genetic information of DNA can vary in a population, and it is 

already established that genetic variability is attributed to the tendency of a whole 

set of genes or genotypes to become different from one individual to another. The 

set of alleles or variants of a gene are closely linked to the expression of particular 

characteristics or phenotype. 

The different mathematical functions capable of describing the content of the 

analyzed information may also be applicable in the estimation or calculation of 

intrapopulation genetic polymorphism [4, 25].  

We apply physics methods based on notions of entropy and divergence to 

quantify variability at the genotypic level. 

Our goal was to determine in statistical terms the structural complexity and 

similarity or dissimilarity between the different subtypes of the species 

Cryptosporidium hominis and Cryptosporidium parvum. 

BASIC DNA STRUCTURE AND GENETIC INFORMATION 

The main goal of modern genetics consists in the decoding and understanding 

of the DNA information. The basic alphabet of DNA is defined by the four types of 

nucleotides.  

These nucleotides are of two types: pyrimidines [cytosine (C), thymine (T)], 

and purines [adenine (A), guanine (G)]. 

A five-carbon sugar molecule and a phosphate molecule are attached to each 

nitrogenous base to form a nucleotide that is the chemical building blocks of the 

DNA polymer. A phosphate group of one nucleotide links to the sugar of another 

nucleotide and form a DNA strand.  

These bases are connected to each other between the two strands of the DNA 

to form basic units named base pairs (bp). In other words, base pairs between the 

two DNA chains are carried out only on the basis of complementarity existing 

between a purine on one chain and a pyrimidine on the other chain or between 

adenine and thymine or guanine and cytosine. A smaller base (a purine) is paired 

with a bigger base (a pyrimidine) in order to maintain a constant distance between 

the two DNA strands. The stability of DNA is assured by the hydrogen bonds. So, 
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adenine and thymine are paired and joined by two hydrogen bonds; guanine pairs 

with cytosine and are joined by three hydrogen bonds. The order of nucleotides along 

the DNA strands encodes the genetic information [20, 21]. 

STATISTICAL CONCEPTS AND METHODS FOR DNA ANALYSIS 

A DNA sequence may be considered as a succession of symbols (nucleotides, 
codons, etc.) that is named alphabet. It is a source of information, and it can be 
assimilated to a statistical system.  

Let's consider a discrete variable, X = (x1, x2,…..xN), to which we assign a 
probability distribution P = (p1, p2,…..pN). The probability that the random variable 
X has the value xk, is equal to pk. 

We remind the probabilities properties: ∑ 𝑝𝑖 = 1𝑁
𝑖=1  and 0 ≤  pi  1, i = 1, 

2,…N.  The remainder of this section defines the statistical concepts that will be used 
for statistical analysis of DNA sequences. 

SHANNON ENTROPY 

The Shannon entropy is defined as [28]: 

 𝑆(𝑋) = −∑ 𝑝𝑖
𝑁
𝑖=1 log2𝑝𝑖                    (1) 

It is a measure of the degree of randomness from a physical system 
characterized by the random variabile X.  

The Shannon entropy has a minim value (Smin = 0) when the system is characterized 
by a perfect order (p1 = 1; p2 = 0... pN = 0), and a maxim value (Smax = log2N) for a 
complete disorder when all probabilities are equal (p1 = p2 = ... pN = 1/N). 

The square deviation D, defined as [10]: 

𝐷(𝑋) = ∑ (𝑝𝑖 −
1

𝑁
)
2

𝑁
𝑖=1                                            (2) 

measures the deviation for distribution P from uniform distribution, characterized by 
maxim value of Shannon entropy. 

RENYI ENTROPY 

The Renyi entropy is a generalization of Shannon entropy. It is defined as [24]: 

 R(𝑋) =
1

1−log2∑ 𝑝𝑖
𝑁

𝑖=1

                                            (3) 

where α ≥ 0 and α ≠ 1. The Renyi entropy Rα(X) approaches Shannon’s entropy S(X) 
as α →1 and Rα(X) ≥  S(X).  
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ONICESCU ENERGY 

The discrete informational energy of the random variable X was introduced by 

Onicescu [22, 26]: 

 𝐸(𝑋) = ∑ 𝑝𝑖
2𝑁

𝑖=1                                                  (4) 

The informational energy Onicescu reaches a minimum value (Emin= 1/N) for 

uniform distribution, p1 = p2 = ... pN = 1/N (total disorder) and a maximum value  

(Emax = 1) for p1 = 1; p2 = 0; ... pN = 0 (total order). 

Two indices of statistical information were introduced to classify the 

characteristics of the probability distributions: 

– the index, I(X), associated to structural information quantities, Shannon 

entropy, S(X), and Onicescu energy, E(X) [16]: 

 𝐼(𝑋) =
𝐸(𝑋)

𝑆(𝑋)
                                                    (5) 

– the altered index, T(X), associated to the square deviation from uniformity 

D(X): 

 𝑇(𝑋) =
𝐸(𝑋)

𝑆(𝑋)𝐷(𝑋)
                                           (6) 

SIMILARITY AND DIFFERENCE 

Sometimes, it is useful to compare two or more probabilities distributions. So, 

we are considering random variable, X(x1, x2, … xN) and Y(y1, y2, …yN) having the 

probabilities distributions P(p1, p2, …pN) and Q(q1, q2, …qN), respectively. In order 

to measure the similarity and difference between two probabilities distributions, P 

and Q, we define two distances: 

Bhattacharyya distance 

Bhattacharyya distance, (P,Q), is defined as: 

 ρ(𝑃, 𝑄) = −ln(∑ √𝑝𝑖𝑞𝑖
𝑁
𝑖=1 )                                   (7) 

This distance measures similarity degree between the two probability 

distributions, P and Q, and meets the conditions: 0  (P,Q)   and (P,Q) = 1 (for 

identical distributions) [1]. 

Kullback-Leibler distance 

Kullback-Leibler distance, K(P,Q), is defined as: 
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 𝐾(𝑃, 𝑄) = ∑ 𝑝𝑖
𝑁
𝑖=1 log

2

𝑝𝑖

𝑞𝑖
                                          (8)       

The probability distribution, P, has a dominant role in the distance K(P,Q).  

The Kullback-Leiber distance is asymmetric and measures the difference between 

the two distributions, P and Q [15]. 

Resistor-average distance 

The resistor-average distance, R(P, Q), is defined as: 

 
1

𝑅(𝑃,𝑄)
=

1

𝐾(𝑃,𝑄)
+

1

𝐾(𝑄,𝑃)
                           (9) 

This distance, R(P,Q) have the resistor-average name, because the formula (9) 

is similar to the formula of equivalent resistance for parallel connected resistors. 

R(P,Q) is the harmonic mean of K(P,Q) and K(Q,P)  [14]. The resistor-average 

distance symmetrizes the Kullback-Leibler distance and equalizes the role of the two 

distributions, P and Q [14]. 

COMMON ASPECTS OF GP60 SUBTYPING TOOL AND THE ANALYZED 

MATERIAL  

The gp60 (also called Cpgp40/15) gene encodes a 60 kDa glycoprotein located 

on the surface of the apical region of the invasive parasitic stages of 

Cryptosporidium. This protein is involved in the neutralization of antibody responses 

in humans [7, 13, 23, 27].  

On the other hand, the gp60 locus is a highly polymorphic marker in the 

Cryptosporidium genome and, for this reason, is widely used in genetic subtyping. 

Both species Cryptosporidium parvum and Cryptosporidium hominis are 

polyphyletic in the gp60 gene [24]. 

The gp60 target has a sequence content similar to short tandem repeats (STRs), 

also known as microsatellites or simple sequence repeats, at the 5′ end of the gene. It 

presents tandem repeats of serine that encode the trinucleotides TCA/TCG/TCT [24]. 

Variations in the number of trinucleotides repeats andextensive sequence 

differences in the non-repetitive regions (placed downstream of the microsatellite 

region) classify each species (Criptosporidium parvum and Criptosporidium 

hominis) into several subtype families also known as alleles [2, 6]. 

The non-repetitive regions designate the name of each allele family belonging 

to Cryptosporidium species. It is hypervariable (H) between subtypes belonging to 

the  allele family (Ia – Ig; IIa – IIg) [17, 18, 23]. 

Also, allele families Ia and IIa contain a different repetitive sequence (R) 

located between the microsatellite region and the non-repetitive downstream  

region H (Table 1).  
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Thus, the full name of each subtype at the gp60 site begins first with the allele 

family type, (Ia, Ib, Id, Ie, If, Ig for Criptosporidium hominis, and IIa, IIb, IIc, IId, 

IIe, IIf, IIg for Criptosporidium parvum) followed by the number of repeats. In these 

repeats the trinucleotiedes found are represented as follows: TCA by the letter A, 

TCG by the letter G and TCT by the letter T.  

Table 1  

Distribution of polymorphic regions in a gp60 subtype of Cryptosporidium 

Non-repeated 

region 

Microsatellite region 

(triplet repeats) 
+/–Repetitive region (R) 

Non-repeated 

region H 

15 bp TCA+/-TCG+/-TCT 

(Ia)5’-

A(A/G)ACGGTGGTAAGG-3’ 

(IIa)5’-ACATCA-3’ 

Ia-Ig/IIa-IIg 

 

In the case of particular allele families, repeats (R) are added to the end of the 

subtype name [6, 20, 31].  

We used DNA sequences belonging to a sample and two different references 

as models of probability distributions for the intraspecies comparisons. The two 

DNA sequence references were taken from public database GenBank [33]. 

1. The DNA sequence sample was isolated from the stool of HIV positive 

patient 3 infected with C. hominis, subtype IbA10G2 and has 897 bp. Accession 

number in European Nucleotide Archive is LT556068. 

2. The DNA sequence reference 1 belongs to C. hominis, subtype IaA13R7 

and has 895 bp [17]. Accession number in GenBank is JX088408. 

3. The DNA sequence reference 2 belongs to C. parvum, subtype IIaA17G1R1 

and has 868 bp [29]. Accession number in GenBank is KC995129. 

All the three subtypes of Cryptosporidium, IbA10G2, IaA13R7, IIaA17G1R1, 

are included in Table 2. For a better appreciation of the amino acid sequence after 

applying of mathematical methods, the size of nucleotide sequences belonging to 

references has been adjusted (from 895 to 891 bp for DNA sequence reference 1, 

and from 868 to 867 bp DNA sequence reference 2). 

Table 2 

The number of nucleotides and order of repetitions contained in the selected subtypes  

belonging to Cryptosporidium spp 

Subgenotype A C G T Order of repetitions (Number and type) 

IbA10G2-897 bp 292 195 213 197 7 TCA 1 TCG 2 TCA 1 TCG 1 TCA 

IaA13R7-891 bp 288 172 234 193 13 TCA 7 R-AAGACGGTGGTAAGG 

IIaA17G1R1-867 bp 266 196 198 206 2 TCA 1 TCG 15 TCA 1R-ACATCA 
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The subtype IbA10G2 was chosen as a sample because it was the most 
dominant in this study and it was associated with all categories of human 
cryptosporidiosis. Also, according to studies carried out at European level, this 
subtype has an anthroponotic character and is frequently involved in waterborne 
epidemics [5]. References were chosen on their higher sequence alignment in 
BLAST with new subtypes detected in this study.  

In addition, previous reports indicated that: 
The cases of human infections with subtype IIaA17G1R1 were especially 

linked to exposure to zoonosis [25]. Although the potential for human-to-human 
transmission, especially through the nosocomial route, exists [13]. 

IaA13R7 was frequently reported in cases of HIV infection [5], in children [11] 
as well as in wild animals [32] despite the fact that C. hominis species was previously 
considered anthroponotic. This explains the high potential of this subtype to spread 
and transmit with great probability through drinking water [32].  

RESULTS AND DISCUTIONS 

STATISTICAL ANALYSIS OF THE SEQUENCE VARIABILITY BETWEEN 
CRYPTOSPORIDIUM SUBTYPES 

The squared deviation D and the Shannon entropy S are known as parameters 
widely applied in identifying a pattern of structure and statistical complexity between 
probability distributions. Thus, in order to quantify the variability between the DNA 
sequences taken in the study, it was considered that the Shannon entropy has a 
minimum value (Smin = 0) defining the total structural order (there is only one state 
with probability equal to 1) and a maximum value (Smax = log2N) to define total 
disorder (all states have equal probability).  

Additionally, the information energy, E, was approached as a superior 
statistical parameter to quantify the dispersion distributions of the nucleotide 
symbols belonging to the analyzed subtypes [9]. This function evolves inversely 
proportional to the Shannon. The information energy, E, has a maximum value  
(Emax = 1) for total structural order and a minimum value (Emin = 1/N) for total 
structural disorder. 

The four different nucleotides [adenine (A), cytosine (C), guanine (G) and 
thymine (T)] constitute the source of information written in DNA structure of the 
three subtypes of Cryptosporidium selected for analysis. 

Based on the existing data in Table 2, the probabilities correlated to the 
distributions of the three DNA sequences were calculated. 

The results obtained by applying statistical methods for the calculted 

probabilities are presented in Table 3. 
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Values of Shannon entropy evolve inversely proportional to the values of the 

other statistical parameters (D, E, I, T). Cryptosporidium parvum, subtype 

IIaA17G1R1, has the highest Shannon entropy value. Shannon entropy, S, for 

subtype IbA10G2 is higher than for subtype IaA13R7. Dissimilarities were also 

observed between the subtypes of the same C. hominis species.  

The subtype IIaA17G1R1 stands out for the diversity and number of DNA 

sequence repeats. In the STR region of this subtype there are two different repetitive 

triplets (TCA and TCG) in variable numbers. 

Table 3 

The values of the statistical parameters calculated on the investigated DNA sequences 

Subtypes and species S(X) D(X)·102 E(X) I(X) T(X) 

IIaA17G1R1-867 bp C. 

parvum 
1.98794 0.43588 0.25436 0.12795 29.35463 

IbA10G2-897 bp 

C. hominis 
1.97853 0.78482 0.25785 0.13032 16.60508 

IaA13R7-891 bp 

C. hominis 
1.97242 0.97385 0.25974 0.13169 13.52216 

 

Overall, the subtype belonging to the allelic family IIa is characterized by a 

much more uniform structural distribution with more equal probabilities of the four 

DNA nucleotide symbols. The high value of the Shannon entropy and the low value 

of the informational energy define this structure and argue for a higher complexity 

of subtype IIaA17G1R1.  

On the other hand, compared to subtype IIaA17G1R1, IaA13R7 presents a 

more uneven distribution due to the unequal probabilities of the occurrence of certain 

nucleotide symbols from the four known and implicitly a more ordered structure 

(Table 2). The region of STRs is defined by a reduced number of triple repeats (TCA) 

and the additional repetitive R region of 15 nucleotides is arranged in a higher 

number of repeats than in subtype IIaA17G1R1.  

In the composition of subtype IbA10G2, the STRs region has two types of 

triples (TCA and TCG) in variable numbers with an interspersed distribution missing 

and the repetitive R region missing.  

The disposition and composition of the repetitive structures, especially in the 

region of the STRs, justify the connection with the values of the statistical 

complexity measures obtained here. The average growth rate of repeating triplets is 

given by the Shannon entropy rate. 

This means that if the informational entropy, S, is higher, the nucleotide 

distribution in a DNA sequence is less stable and implicitly more complex. 
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STATISTICAL DISTANCES ASSESS THE DIVERGENCE BETWEEN 

CRYPTOSPORIDIUM SUBTYPES 

The Bhattacharyya distance and Kullback-Leibler distance are known for their 

additive property in the statistically independent cases with non-identically 

distributed structural random variables [1, 14, 15]. These statistical parameters and 

symmetric resistor-average distance R have been approached to appreciate the 

degree of relatedness between the probability distributions selected in this study.  

According to the asymmetry of the Kullback-Leibler measure, the distance 

between p1 and p2, K(p1║p2), is different from the distance between p2 and p1, 

K(p2║p1) (Table 4). On the other hand, if the Bhattacharyya distance ρ for two 

distributions is closer to 1, a greater degree of similarity exists between the two 

compared distributions. Thus, the greatest dissimilarity was noted between the 

different subtypes of the two Cryptosporidium species (IaA13R7 and IIaA17G1R1). 

In this distribution group the distance ρ reached the lowest value (Table 4).  

This difference can be justified by the different structural components at the 

level of the STRs region and the repetitive R regions in the two DNA distributions.  

The microsatellite region is somewhat supported by the distance K value 

indicating a high divergence between genetic subtypes of the same species of 

Cryptosporidium.  

However, the symmetric resistor-average distance R, which is characterized by 

a higher accuracy than the Kullback-Leibler K distance, confirms the Bhattacharyya 

distance parameter ρ and supports the statement that the greatest dissimilarity in 

structure is observed between IaA13R7 and IIaA17G1R1 [14]. 

Table 4 

The distances , K, and R calculated for each pair of two different population distributions 

First subtype (p1,p2)·102 K(p1,p2)·102 K(p2,p1)·102 R(p1,p2)·102 Second subtype 

IIaA17G1R1 

C. parvum 
4.4796 0.2595 0.2576 0.1293 

IbA10G2 

C. hominis 

IbA10G2 

C. hominis 
6.4977 0.3681 0.3691 0.1843 

IaA13R7 

C. hominis 

IaA13R7 

C. hominis 
15.9825 0.9213 0.9226 0.4610 

IIaA17G1R1 

C. parvum 

 

The DNA sequence belonging to the IIaA17G1R1 subtype proved to present 

the greatest structural disorder and to be the most different compared to the other 

subtypes. This aspect could argue for a higher individuality of the IIaA17G1R1 

subtype. At the same time, it could explain the spread and implicitly the ability to 

give more limited infections compared to the subtypes of Cryptosporidium hominis 

taken in the study. On the other extreme, IaA13R7 having a much more stable and 
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less complex structure could justify the higher capacity of demographic spread 

reported at the international level and to cause infections in both humans and animals 

[31, 32]. 

In Table 4 we find the distances ρ, K, and R calculated for comparing each pair 

of two different population distributions of the three species of Cryptosporidium 

(IbA10G2 with IaA13R7, IaA13R7 with IIaA17G1R1 and IIaA17G1R1 with 

IbA10G2). 

CONCLUSIONS 

In this paper we applied statistical measures of that we used as tools to evaluate 

the variability of the gp60 gene in the genome of the two dominant species of the 

protozoan parasite: Cryptosporidium parvum and Cryptosporidium hominis. Based 

on the notion of informational entropy, the structural information and the divergence 

of the statistical structural complexity were quantified at both the between species 

and at the intraspecies level.  Additionally, by approaching the three measures based 

on divergences, the informational theoretical distance between the selected data was 

statistically estimated.  

Taken together these information theoretic methods have provided a new 

perspectiveon the high variability in the microsatellite region structure between 

different Crytosporidium gp60 subtypes. Thus, these indicators of correlation 

structure may be successfully used to scale differences between species. 
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